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Computationally Efficient Strategy for Modeling the
Effect of Ion Current Modifiers

David G. Rand, Qinlian Zhou, Gregery T. Buzzard, and Jeffrey J. Fox*

Abstract—Electrophysiological studies often seek to relate
changes in ion current properties caused by a chemical modifier
to changes in cellular properties. Therefore, quantifying concen-
tration-dependent effects of modifiers on ion currents is a topic of
importance. In this paper, we sought a mathematical method for
using ion current data to predict the effect of several theoretical
ion current modifiers on cellular and tissue properties that is com-
putationally efficient without compromising predictive power. We
focused on the current as an example case due to its link
to long QT syndrome and arrhythmias, but these methods should
be generally applicable to other electrophysiological studies. We
compared predictions using a Markov model with mass action
binding of the modifiers to specific conformational states of the
channel to predictions generated by two simplified models. We
investigated scaling conductance, and found that although
this method produced predictions that agreed qualitatively with
the more complicated model, it did not generate quantitatively
consistent predictions for all modifiers tested. Our simulations
showed that a more computationally efficient Hodgkin–Huxley
model that incorporates the effect of modifiers through functional
changes in the current produced quantitatively consistent pre-
dictions of concentration-dependent changes in cell and tissue
properties for all modifiers tested.

Index Terms—Computer simulation, electropharmacology, elec-
trophysiology, mathematical modeling.

I. INTRODUCTION

M
ATHEMATICAL modeling and computational simula-
tions have a long history of use in electrophysiology,

dating back to the seminal work of Hodgkin and Huxley [1].
One of the primary questions that mathematical tools have been
used to address is how ion currents that flow through a variety of
types of ion channels control the membrane potential to generate
the rich dynamics that are observed in cells [2]. For example,
the electrical behaviors exhibited by cells can include oscilla-
tions in cardiac pacemaker cells [3] and neurons [4], bursting
in pancreatic B-cells [5], and excitability in cardiac ventricular
cells [6] and Purkinje fibers [7]. The rapid increase and subse-
quent return to rest of the membrane potential in excitable and
oscillatory cells is often called an action potential (AP).
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Mathematical models have been used to explain cellular be-
haviors such as the AP in terms of the dynamics of the impor-
tant ion currents in each cell type [8]. An important feature of
many of these models is that the conductance of a particular ion
channel can be time and voltage dependent [2]. The change in
conductance of an ion channel is often modeled as a set of non-
linear differential equations describing the opening and closing
of one or more independent gates, following the formalism in-
troduced by Hodgkin and Huxley [1]. An alternative descrip-
tion called a Markov gating model describes voltage-dependent
transitions between discrete states that correspond to different
physical conformations of the channel proteins [9].

Often electrophysiologists are interested in studying the re-
sponse of cellular electrical activity to a perturbation in the cel-
lular environment. For example, a researcher might wish to ob-
serve the response of a single (or multiple) ion current(s) to a
chemical that modifies the properties of that current, and then to
relate the changes in the current to changes in cellular behavior.
Some particularly important electrophysiological modifiers in-
clude natural toxins [10], drugs designed to treat central ner-
vous system disorders [11], cellular kinases that phosphorylate
channels [12], and second messenger molecules such as
ions [13] and cAMP [14] that are used to relay important cel-
lular signals. In addition, some compounds that are designed to
treat disorders from a wide range of therapeutic areas have been
found to interrupt the normal activity of cardiac ion currents in
potentially dangerous ways [15]. One ion current in particular,
the delayed rectifier potassium current that results from ex-
pression of the HERG gene, appears to be an unwanted target of
many compounds that have been shown to induce abnormal car-
diac rhythms [16], including a dangerous and potentially fatal
arrhythmia called Torsades de Pointes [15]. Quantifying the ef-
fects of ion current modifiers on the electrical properties of in-
dividual ion currents and on cellular properties could help elec-
trophysiologists understand why certain compounds might in-
duce harmful, or helpful, changes in ion currents and cellular
behaviors.

Several experimental methods exist for measuring the effect
of a modifier on an ion channel, including voltage clamp assays,
binding assays, and fluorescence assays [17]. Voltage clamp as-
says involve measurements of current generated in response to
voltage command protocols in isolated cells. Change in normal-
ized peak current in response to voltage clamp stimulation using
voltage step command protocols [18]–[20] or AP command pro-
tocols [20]–[23] is often used to measure the effect of the mod-
ifier on the current.

Ideally, the results of an experimental characterization of a
modifier’s effect on an ion current could be used to predict likely
changes in cellular and tissue electrophysiological properties.
To predict changes in cellular or tissue properties based on ion
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current data, it is necessary to incorporate concentration-depen-

dent effects of the modifier into an accurate model of the ion

current. Furthermore, it is desirable to minimize the complexity

of the model so as to reduce the computational resources neces-

sary to fit the model to data.

A commonmethod for modeling the effect of amodifier on an

ion current is to fit the normalized peak current concentration-

response data to a standard sigmoid curve. In this case, the half-

maximal response parameter, the (or for ion current

inhibitors) can be used to quantify themodifier’s effect on the ion

current.While this method has the advantage of simplicity, it has

been shown that themeasured value of this parameter can depend

on theexperiment that isused tomeasure theeffectof themodifier

on the current. For example, some compounds that inhibit

have been shown to have different values when the

current is measured under different stimulus patterns [24].

Anothermore complicatedmethod used tomodel the effect of

a modifier involves constructing Markov state transition models

of the binding of the modifying compound to the ion channel

[25]. Models constructed according to this formalism attempt to

reflect the physical interaction of the ion channel and the mod-

ifier under study. This method often uses prior knowledge of

the binding properties of the modifier to reduce the number of

unknown parameters. Alternatively, modeling the effect a novel

modifier with unknown binding properties requires the estima-

tion of a large number (which can increase quickly depending

on the complexity of the modifier/ion channel interactions) of

parameters. Consequently, a method that is less computation-

ally intensive but has equal predictive power would be highly

advantageous.

In this paper, we sought an approach for mathematicallymod-

eling the effect of a modifier on an ion current that produces

quantitative predictive agreement with a Markov model without

requiring either prior knowledge of the physical properties of the

modifier or extensive computation. Such a model could be used

to predict changes in cellular and tissue properties as a function

of modifier concentration for novel compounds based on exper-

imentally collected ion current concentration-response data. To

evaluate models of the effect of the modifier in this paper, we

modeled binding of compounds that block . This ion cur-

rent was chosen because it has been extensively studied due to

its association with the lengthening of the QT interval of the

electrocardiogram (ECG) and life-threatening cardiac arrhyth-

mias such as Torsades de Pointes (TdP) [15]. Although the exact

mechanism by which an blocker may induce TdP remains

unknown, the arrhythmogenic properties of such modifiers have

been hypothesized to involve the amplification of intrinsic elec-

trical heterogeneity in the ventricular tissue, caused by preferen-

tial prolongation of the midmyocardial (M) cell action potential

duration (APD) relative to epicardial and endocardial cell APD

[26]. Thus, represents an ideal current for use in developing

a method for incorporating concentration-dependent effects of

an ion current modifier. However, the method developed in this

paper is general and does not depend on the details of this par-

ticular current.

Using a Markov model with direct binding of the modifier,

we created three theoretical modifiers and generated synthetic

ion current data and APD concentration-response predictions

Fig. 1. State diagram of the Markov model with modifier binding. ,
, and are closed states, O is the open state, and I is the inactive state. Each

state is a modifier-channel complex with the channel in state . Tran-
sitions from state to state are functions of voltage of the form ,
and modifier binding and unbinding rates are voltage independent functions of
modifier concentration and state occupancy. is a function of the population
of state O.

for each. We then used these data to evaluate two alternate mod-

elingmethods for quantifyingmodifier-ion channel interactions,

the commonly used method of scaling channel conductance as

a function of concentration [19], [27] in a Markov model, and a

novel method involving a Hodgkin–Huxley (HH) formulation.

Previous work has related Markov and HH models by incorpo-

rating knowledge of a modifier’s binding properties [28], but the

method described here requires no such prior knowledge.

II. METHODS

To study modifier-ion current interactions, we modeled the

canine rapid inward delayed rectifier current , and its

interaction with three theoretical modifiers, using three dif-

ferent mathematical formulations. First, we used a deterministic

Markov model with mass action binding kinetics Markov

to simulate the effect of modifiers that bind to particular states

of the channel. Next, we used the sameMarkov control model of

and replaced mass action kinetics with scaling of channel

conductance to model the effect of the modifier Markov .

Last, we studied a method for using a Hodgkin–Huxley (HH)

model with modifier dependence as a framework for

determining the functional consequences of the modifier-ion

current interaction, such as changes in conductance, or activa-

tion and inactivation kinetics.

1) Markov Model Topology: The Markov model we

studied follows the five state formulation given in [9] with three

closed states ( , , and ), one open state (O), and one

inactive state (I). We examined the effect of three theoretical

modifiers that preferentially bind a single conformational state

of the channel (see Fig. 1; modifiers binding states and

produced similar results to the modifier binding state and

are, therefore, not discussed in the text). Mass-action kinetics

was used to model binding and unbinding of a modifier to a

given state of the Markov model, with each modifier assigned a

binding rate and an unbinding rate (see Section II-A2).

Although this model is a simplification of the physiological

reality, it still allows for interesting and nonintuitive dynamics.

This formulation assumes that when a modifier binds a given

conformational state, the channel cannot transition to a different

conformational state until the modifier unbinds. That is, there

are no transitions between bound states of the model (i.e.,
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TABLE I
TRANSITION RATES FOR MARKOV MODEL OF

Fig. 2. (A) AP clamp command APs at (thick line) 1000 ms, (thin line) 500 ms,
and (dotted line) 300 ms. (B) Control Markov during AP clamp stimulation
at (thick line) 1000 ms, (thin line) 500 ms, and (dotted line) 300 ms.

), only between bound and unbound states
(i.e., ). This approximation
is valid for preferential binding of a single state as long as

(preferred state) (other states), and (preferred
state) (other states). Additionally, this model assumes
that no current flows through the open state O when bound by
Modifier .

2) Choice of Parameters: To facilitate the study of the
Markov model in computer simulations of canine ventricular
APs, transition rate parameters in the Markov model were
chosen to qualitatively reproduce canine recordings from
previous experiments [29]. Transition rates for the control
model are shown in Table I. APClamp command protocol
morphologies are shown in Fig. 2(a), and representative control

traces in Fig. 2(b).
The and rates for each modifier were chosen such that

when stimulated with the voltage step protocol described in [9]
( 80 mV for 3 s, 10 mV for 3.5 s, 50 mV for
4 s), the (concentration at which peak is reduced by
50%) of the normalized peak concentration-response curve
for each modifier was 100 nM. For each modifier, a sequence of
ten increasing concentrations was chosen to produce block

TABLE II
MODIFIER PARAMETERS FOR Markov MODEL

in increasing increments of 10%. See Table II for , , and
concentration values.

3) Generation of Synthetic Data: In this paper, we aimed to
reproduce modifier-dependent changes in during APs at
various pacing rates. Therefore, we measured the in silico con-
centration-response of when stimulated with an AP clamp
protocol. To simulate an AP clamp protocol, steady-state APs
from the Hund–Rudy AP model [30] at cycle lengths of 1000,
500, and 300 ms were applied to the model as command poten-
tials (see [30, Appendix A, Sec. A.1.1] for command AP mor-
phologies). Each AP was applied ten times to allow the modi-
fier- model to reach steady state, and the trace in re-
sponse to the final AP at each cycle length was examined.

A. Concentration-Dependent Scaling of Markov Model
Conductance Markov

In addition to the Markov model with mass action binding
presented in Section II-A1, this paper investigated an alternate
method of modeling modifier interaction in a Markov model
which involved scaling conductance ( ) as a function
of concentration. The same control Markov model of de-
scribed in Section II-A1 was used and was varied with
modifier concentration using the sigmoidal function given in (1)

(1)

where is any given concentration-dependent quantity, is
the concentration of the modifier in nanometers, is the value
of when concentration , is the value of as concen-
tration approaches infinity, is the value of concentration
at which the value of , and is the Hill
Coefficient, determining the slope of the concentration-response
for quantity . The four parameters , , , and
for a given quantity are collectively referred to as the modi-
fier-effect parameters for that quantity.

The modifier-effect parameters for in the Markov
model were then fit to synthetic concentration-response AP
clamp data generated by the Markov model at the ten
modifier concentrations described in Section II-A3 using the
Levenberg–Marquardt local optimization algorithm [31].
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B. Hodgkin–Huxley Model With Modifier Effect

We utilized an HH model of that follows the for-
mulation given in [29]. This model includes time dependence in
both the activation gate ( ) and the inactivation gate ( ). The
HH model parameters were fit to control AP clamp data gen-
erated using the Markov model from Section II-A. The fit was
performed using the Levenberg–Marquardt local optimization
algorithm [31]. The formulations and parameters for our modi-
fied model are as follows:

(2)

(3)

(4)

(5)

(6)

(7)

(8)

where and are the time- and voltage-dependent open prob-
abilities of activation and inactivation gates, 0.0502
mS/uF is the conductance of , is the membrane potential,

85.6 mV is the reversal potential of the channel,
and are the steady-state voltage-dependent open prob-

abilities of the activation and inactivation gates and are
the voltage-dependent activation and inactivation time constants

and are the crossover voltages of the steady values
for the and gates, and and are scaling factors for
the time constants of the and gates. In the control model,

68.6 mV, 34.1 mV, , and .
traces generated by the HH model and “target” synthetic

data generated by the control Markov simulation in response to
an AP clamp at 1000 and 300 ms are shown in Fig. 3.

To incorporate the effect of the modifier into the HH model,
two alternate strategies were used. First, the effect of the modi-
fier was modeled by allowing channel conductance to vary
as a function of concentration according to (1), as described in
Section II-B. If this method was not able to satisfactorily repro-
duce the concentration-response target data, several addi-
tional model parameters which describe the functional charac-
teristics of the channel were allowed to vary as a function
of modifier concentration: the crossover voltages of the steady
values for the and gates ( and ) and scaling factors
for the time constants of the and gates ( and ). We
refer to these four parameters together with as the
quantities. Each of these quantities was then varied as a function
of modifier concentration according to the sigmoidal formula-
tion in (1).

This model was then fit to synthetic concentration-re-
sponse AP clamp data generated by the Markov model at
the ten modifier concentrations described in Section II-A3.
To determine the values of the modifier-effect parameters for
each quantity, a three step process was used. First,

Fig. 3. traces generated by (lines) HH control model and (triangles)
Markov control model in response to an AP clamp. (A) 1000 ms. (B)

300 ms.

TABLE III
MODIFIER-EFFECT PARAMETERS FOR MODEL

the quantities themselves were optimized at each
concentration, independent of model behavior at any other
concentration. The fitted values of a given quantity
at each modifier concentration then form a concentration-re-
sponse curve for . Second, this concentration-response curve
for each quantity was fit using (1) to determine initial
values of the modifier-effect parameters , , , and

. Third, the modifier-effect parameters for all of the
quantities were optimized at the same time to data from all
ten concentrations simultaneously. All optimizations were
done using the Levenberg–Marquardt optimization algorithm
with least squares cost function. The modifier effect param-
eter values which quantitatively reproduced the Modifier ,
Modifier , and Modifier concentration-response of AP clamp

current are given in Table III, and the averaged least
squares costs and optimization times for each parameter set are
given in Table IV.

C. Whole-Cell AP Model

To generate predictions about the effect of the theoretical
modifiers on APD, we used the most recent canine ventricular
AP model that is available, the HRd model of the canine epicar-
dial AP [30]. This model includes several important currents and
processes that are absent from earlier canine models, including
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TABLE IV
OPTIMIZATION INFORMATION

Fig. 4. (A) Simulated APs at 1000 ms generated using original HRd model
(triangles) and Markov substituted HRd model (solid line). (B) Sim-
ulated epicardial (solid line) and midmyocardial (dotted line) APs at 1000 ms
generated using the control model in the HRd AP model.

a formulation of the late sodium current which has been shown
to play an important role in heterogeneity of cellular electrical
properties [32]. The model is as published in [32] except for the
following modifications:

• , , and were fixed at their steady-state
values so as to reach steady state more quickly;

• the original Hund–Rudy formulation was removed
and replaced with either the Markov model of de-
scribed in [32, Sec. 5.1] or the HH model of described
in [32, Sec. 5.2];

• the model was stimulated with square pulses with duration
1 ms and amplitude 80 mV.

The APs generated by the modified HRd AP models were
very similar to those from the original HRd model [see
Fig. 4(a)].

The HRd model was modified to reproduce midmyocardial
(M) ventricular cells [see Fig. 4(b)] in the following manner:

• as reported in Liu [40];
• as reported in [32].

It has been reported that there is a less than 10% difference be-
tween the sodium–calcium exchange current in M cells
and epicardial cells [41]. Therefore, the M cell model used the
original current model. We note that the results presented
in this paper were duplicated using the ten Tusscher human AP
model [33] (data not shown) and were found to be independent
of the choice of AP model.

The existing component of HRd was replaced with
either the Markov model described in Section II-A,
the Markov model described in Section II-B, or the

model described in Section II-C, and steady-state
was measured at various pacing cycle lengths. In

the absence of any modifier effects (concentration ), all
of the substituted HRd models produce APs similar to
the original HRd. Each of the substituted HRd models
was also modified to qualitatively reproduce the behavior of
midmyocardial myocytes.

D. Simulation Details

All simulations and optimizations were run on a Dell Insp-
iron 9100 computer using custom written C++ computer code.
Each ionic model as previously described (either single channel
or whole-cell) is represented by a set of differential equations
of the form , where is a vector describing
the current state of the system, is time, and is a vector of
parameters. For the models described, the corresponding differ-
ential equations are usually quite stiff in the sense that they have
widely separated time scales: some variables change rapidly
under small perturbations while others change slowly. To im-
prove the accuracy of our simulations, we used the CVODES
package from Lawrence Livermore National Laboratories [34]
with the backwards differentiation formula, which is designed
for stiff systems. We also used automatic differentiation to cal-
culate the Jacobian derivative of the function for use with the
dense Newton-based solver that is included as part of CVODES.

For the optimization of models to data, we used the Lev-
enberg–Marquardt local optimizer [31]. The cost for a partic-
ular simulation is based on a sum of squares calculation. At
each time point for which there is experimental data, the differ-
ence between the simulation value and the experimental value is
squared. These squares are then summed over all the data points,
and the sum represents the cost for that simulation. The opti-
mization problem consists of finding parameters to minimize
the cost.

III. RESULTS

A. APD Concentration-Response Predictions

To evaluate the simplifications involved in the Markov
and models relative to the Markov model, we exam-
ined predictions of APD concentration-response based on
ion current data for theoretical modifiers binding the , O, and
I states of the Markov model. To assess the ability of the
models to accurately capture rate-dependent effects, three cycle
lengths were studied ( 1000, 500, and 300 ms).

As Fig. 5 shows, all three methods produced quantita-
tively equivalent APD concentration-response predictions for
Modifier and Modifier at a pacing interval of 1000 ms. This
result is consistent with those at pacing intervals of 500 and
300 ms (data not shown).

As Fig. 6 shows, the APD concentration-response predictions
for Modifier at pacing intervals of 1000 and 300 ms generated
by the Markov method captured the qualitative trend in the
Markov predictions, but were not quantitatively equivalent,
whereas the predictions were quantitatively equivalent
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Fig. 5. APD prolongation concentration-response predictions generated by
Markov (triangles), Markov (dotted lines), and (solid lines),
paced at 1000 ms. (A) Modifier . (B) Modifier .

Fig. 6. APD prolongation concentration-response predictions for Modifier
generated by Markov (triangles), Markov (dotted lines), and .
(A) 1000 ms. (B) 300 ms.

to the Markov model for Modifier . These results are con-
sistent with those seen at a pacing interval of 500 ms (data not
shown). The agreement between and Markov pre-
dictions across pacing cycle length indicate that the
model was able to reproduce the rate-dependence of Modifier
seen in Markov .

1) Morphology Concentration-Response Predictions:
To explore the failure of Markov to quantitatively reproduce
the Markov APD concentration-response predictions for
Modifier , we examined the concentration-dependent changes
in morphology for Modifier in each of the three models.

As Fig. 7(a) shows, the morphology of the Markov
current changes as a function of Modifier concentration in a

Fig. 7. in response to AP clamp stimulation paced al 300 ms,
with Modifier 0 nM (thick solid lines), 25 nM (thick dotted lines), 67 nM
(thin solid lines), 150 nM (thin dotted lines), 403 nM (pluses). (A) Markov .
(B) . (C) Markov . (D) Comparison of Markov (triangles),
Markov (dotted lines), and (solid lines) at Modifier 234 nM.

nontrivial manner. As concentration increases, during re-
polarization decreases more quickly than during the AP
plateau. Additionally, during the upstroke and notch in-
creases with concentration at shorter cycle lengths. The
model of the effect of the modifier displays these concentra-
tion-dependent behaviors in morphology [see Fig. 7(b)]. In
contrast, the Markov model cannot capture morphological
changes in [see Fig. 7(c)] because the Markov model
is limited to scaling the amplitude of the current. A com-
parison of the traces of the three models at a high concen-
tration of Modifier [see Fig. 7(d)] clearly demonstrates these
morphological differences.

The changes in morphology caused by a modifier that
binds the open state of the channel have a significant effect on
APD (see Fig. 6). This result is of particular interest given that
several modifiers (e.g., MK-499 [35], E4031 [35], almokalant
[36], dofetilide [37], [38], and ibutilide [37]), are known to bind
the open state of the channel.
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B. Insights Into Functional Differences Between Modifiers
Binding Different Conformational States of

Examination of the simulation results and of the parameters
in the model allows one to connect the physical interac-
tion of a modifier with the HERG channel to its functional effect
on the current, providing insight into how the results ob-
tained in the HH model reflect the molecular mechanisms in the
Markov model. As shown in Table III, reproducing the con-
centration-response behavior of Modifier required concentra-
tion-dependent changes in channel kinetics ( for
all quantities) as well as concentration-dependent reduc-
tionofthe amplitude.ThebindingofModifier resultedinan
increase in theactivationandinactivationtimeconstants,andpos-
itive shifts in the steady-state crossover voltages of both activa-
tion and inactivation gates. Conversely, reducing amplitude
without affecting channel kinetics was sufficient to reproduce the
concentration-response behaviors of Modifier and Modifier .
The difference in values between Modifier and
Modifier indicates that although both modifiers had a similar
qualitative effect on , and both had the same of 100 nM
in response to stimulation with a voltage step protocol, the two
modifiers had significantly different effective values in the
AP model. This discrepancy is due to differences in state occu-
pancy dynamics during stimulation with a voltage step protocol
versus unclamped AP pacing, as described in the following.

Examination of Markov state occupancy probability den-
sities can help elucidate the mechanisms of these functional dif-
ferences in the effect of the modifier. At rest, the probability
density on state is larger than that of any other state (proba-
bility density is localized on ). When membrane voltage is
increased, either during AP upstroke or voltage step from
80 to 10 mV, the probability density shifts from localization on

to I, transitioning mainly via to I inactivation, producing
only slight O occupancy and, therefore, little current. When
membrane voltage is then decreased, either during repolariza-
tion or voltage step to 50 mV, probability density shifts from I
back to , via both the I to O transition and the I to transi-
tion, producing significant transient O state occupancy and
current.

In the presence of Modifier , modifier binding occurs when
probability density is localized on state , largely during the
inactivation transition from to I via [see Fig. 8(a)]. This
binding reduces the probability density of state I during inacti-
vation, and, therefore, decreases transient density flow through
state O during repolarization, thereby decreasing current.
However, while the membrane voltage is held at 10 mV in the
voltage step protocol, probability density gradually transitions
from the -bound state to state I [see Fig. 8(b)], thereby
reducing the effect of Modifier on . This causes long
voltage step protocols to underestimate the effect Modifier
will have on during APs. Conversely, since probability
density is localized on state I immediately prior to the voltage
step from 10 to 50 mV and the subsequent occurrence of the

transient, the effect of Modifier on during APs is
accurately captured by such voltage step protocols.

In the presence of Modifier , some probability density is lo-
calized on the state throughout the action potential and

Fig. 8. Markov state occupancy probability density of states (thin
solid line), (thick solid line), and I (dotted line), with Modifier
5 nM. (A) During AP clamp at 1000 ms. (B) During voltage step from

80 to 10 mV.

Fig. 9. (A) Markov in response to AP clamp 300 ms. State
occupancy probability densities of state O (control, thin solid line; Modifier
200 nM, thick solid line) and (Modifier 200 nM, dotted line). (B)

in response to AP clamp 300 ms. Open probabilities for
activation gate (control, thin dotted line; Modifier 1000 nM, thick dotted
line) and inactivation gate (control, thin solid line; Modifier 1000 nM,
thick solid line).

during the rest interval, particularly at high concentrations and
rapid pacing rates. During the AP upstroke and plateau, a frac-
tion of this probability density transitions from to I via
O, resulting in increased early . During repolarization, how-
ever, the significant fraction of channels in the state re-
duces the probability density localized on O, resulting in less
late [see Fig. 9(a)].

Reproduction of this biphasic response of to Modifier
requires a modification of the kinetics of in addition to
the maximal conductance . In the HH model of , in-
creasing and results in a greater inactivation gate open
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Fig. 10. APD APD concentration-response for Modifier at a cycle
length of 1000 ms generated by HRd cell model using Markov (triangles),
Markov (dashed line), and (solid line).

probability during upstroke and plateau, and lower open proba-
bility during repolarization and rest [see Fig. 9(b), solid lines].
Increasing and causes an accumulation of activation
gate open probability, particularly at high concentrations and
fast pacing rates, resulting in an increase in during the
upstroke and early plateau. The same changes in activation ki-
netics result in a decrease in open probability, and, therefore,
less current, during repolarization [see Fig. 9(b), dotted lines].
These effects, combined with a decrease in , result in the
biphasic Modifier concentration-response exhibited by
Markov .

C. Intrinsic Electrical Heterogeneity Concentration-Response
Predictions

To examine predictions about the effect of the modifier on in-
trinsic electrical heterogeneity, the HRd AP model, originally
designed to describe epicardial (EPI) myocytes, was modified
to qualitatively reproduce the behavior of midmyocardial my-
ocytes (M) [26, App. A, Sec. A.3]. The APD concentration-
response predictions for Modifier generated by Markov ,
Markov and in these two AP models were then
studied. Because preferential prolongation of M cell APD is
thought to be arrhythmogenic, we investigated each method’s
prediction of concentration-dependent changes in the difference
between M cell APD APD and EPI cell APD APD .

The model reproduced heterogeneity concentration-
response predictions for Modifier generated by the Markov
model in a quantitative manner, whereas Markov did so only
qualitatively (see Fig. 10). Simulations at cycle lengths of 500
and 300 ms produced similar results (data not shown).

The simulations also suggest a mechanism for preferential
prolongation of M cell APD. In the absence of any modifier,
the AP plateau voltage is higher in M cells than in epicardial
cells, due to less outward current and more inward
current. The higher voltage causes an approximately 10% larger
driving force (V—Ek) at the time of peak , and results in
an approximately 10% larger peak current in M cells than
in epicardial cells. Therefore, decreasing in M cells has a
more significant prolonging effect on APD than in EPI cells.

Fig. 11. (A) Untransformed control Markov trace (black line) and the
same trace with one replicate of Gaussian noise added. (B) Modifier APD
concentration-response predictions at 1000 ms generated by Markov
(triangles), without noise (thick line), and four replicates of
with added noise (thin lines).

D. APD Concentration-Response Predictions in the Presence
of Gaussian Noise

To evaluate the effectiveness of the model and the op-
timization strategy described in Section II-D for reproducing ex-
perimental data, Gaussian noise was added to the synthetic data
for Modifier . The mean of the noise was set to 0 and the stan-
dard deviation was estimated to be to 0.046 pA/pF from experi-
mental recordings [29]. Four sets of APD concentration-re-
sponse predictions for Modifier were generated by fitting to
four replicates of concentration-response data with random
noise. As Fig. 11 shows, the addition of noise did not signif-
icantly effect the APD concentration-response predic-
tions.

IV. DISCUSSION

In this study, we used mathematical models to investigate
strategies for using ion current data to predict the effect of
channel-binding chemical species on cellular properties such as
APD and intrinsic electrical heterogeneity. Our study focused
on the delayed rectifier current due to the link be-
tween block, prolonged APD, amplified intrinsic electrical
heterogeneity, and susceptibility to arrhythmias [26], but the
methods developed here should be generally applicable to other
electrophysiological studies. We compared three methods for
quantifying modifier-ion current interactions and generating
cellular APD concentration-response predictions that appear to
offer the typical tradeoffs between computational efficiency and
accuracy of prediction. The results of our simulations suggest
a mathematical modeling strategy for characterizing the effect
of modifier-ion current interactions on cellular electrophysio-
logical properties that can quantitatively reproduce behaviors
from a more computationally demanding approach.
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The most complex approach we studied was to model the
modifier-ion current interaction through simulation of the phys-
ical interaction of the modifier with the channel protein using a
Markov model with mass action binding. Such a model can cap-
ture a range of dynamic behaviors, and can provide physiolog-
ical insight into the modifier’s mechanism of action. However,
if the binding properties of a modifier are unknown, then esti-
mating parameters for the transition rates between all possible
bound states is necessary. This method would require the esti-
mation of a large number of parameters simultaneously, which
is very computationally expensive. Therefore, a simplified and
more computationally efficient method is desirable.

The simplest approach for modeling modifier-ion current in-
teractions that we studied was to scale conductance as a func-
tion of modifier concentration. While using this approach in
a Markov model qualitatively reproduced the APD concentra-
tion-response predictions generated by a Markov model with
explicit modifier binding for three theoretical modifiers, scaling
the conductance did not quantitatively reproduce the predictions
for the open channel binding modifier. Additionally, scaling
conductance generated predictions about the effect of the mod-
ifier on heterogeneity that were qualitatively, but not quanti-
tatively, consistent with those made by the Markov model.
Therefore, we conclude that for applications that do not require
quantitative accuracy, scaling channel conductance is as effec-
tive as mass action binding for modeling modifier-ion current
interactions. The main advantage of the conductance scaling
modeling strategy over others is its simplicity: only four param-
eters need to be estimated. However, for applications where both
computational efficiency and quantitative accuracy are neces-
sary, neither of the previous approaches are adequate.

We have shown that an HH model of in which important
kinetic parameters are defined as concentration-dependent can
quantitatively reproduce the cellular APD concentration-re-
sponse predictions for several theoretical modifiers generated
by a Markov model of with mass action binding. By
fitting the ion current time series generated in response to an
AP clamp at three cycle lengths, the model was able to
reproduce the Markov concentration-response predictions
of morphology, APD, and heterogeneity. The
method presented here has computational advantages over
Markov models with mass action binding. The method
requires no prior knowledge about the modifier’s mechanism of
action and binding kinetics. Clearly, this is of great importance
when studying novel modifiers. The method requires
the estimation of 21 parameters, which is a more tractable
optimization problem than that offered by the
model, particularly when approached in the three-stage manner
described in Section II-C.

Such a model of modifier effect on could aid researchers
in predicting the effect of novel ion current modifiers on cellular
and tissue properties. Experimental concentration-response data
describing the effect of a novel modifier on could be col-
lected, and then the HH modifier-effect model optimized to re-
produce the experimental data, as described in Section II-C.
This optimized model could then be incorporated into a whole
cell AP model, as described in Section II-D, and used to generate
predictions about the effect of the modifier on cellular prop-

erties such as action potential duration. Furthermore, the new
AP model could then be integrated into a multicell, tissue level
model to generate predictions about the effect of the modifier on
tissue level properties, such as wave propagation and arrhyth-
mogenesis.

These results suggest promising directions for future exper-
imental work. A logical extension of this study would involve
experimental validation of the approach presented here. Exper-
imental data for modifiers binding could be fit using the

method, and the model predictions for APD concen-
tration-response checked against experimental results, allowing
assessment of the reliability of this method of modeling modi-
fier effect. In addition, the simulation results suggest that voltage
step protocols are not ideal for measuring the effect of the mod-
ifier on during APs, and that development of a more pre-
dictive command protocol would be desirable. These efforts
will likely benefit from an approach that uses computational
methods similar to those presented in this study to help guide
experimental design and interpret results.

Although the method presented here reproduced the APD
concentration-response data generated using a Markov model
with mass action binding, there were several limitations to our
study. First, this study only examined modeling of modifier
interaction with and did not address the development of
the control model of the current. However, preliminary tests
indicate that the results do not depend sensitively on the con-
trol model parameters; several different low cost control HH
parameter sets produced very similar results. Second, several
simplifying assumptions were used to model modifier binding
in the Markov model, such as ignoring explicit voltage-de-
pendence of binding and the spatial distribution of modifier
molecules. In addition, it is known that drugs such as cisapride
bind more than one state of the HERG channel[39], and this
study did not thoroughly explore modifiers that bind multiple
states of the channel. However, the model was able
to quantitatively replicate Markov APD concentration-re-
sponse predictions for several theoretical compounds that bind
more than one conformational state (data not shown), including
nonmonotonic concentration-dependent changes in peak
and APD. In addition, this method could be used in conjunction
with a Markov model to develop a thorough understanding of a
modifier’s mechanism of action and the connection between its
binding properties and their functional consequences.

In conclusion, we have proposed an HH-based modeling
method that is as predictive as a more complex Markov formu-
lation and reveals the functional effect of modifier-ion current
interactions, but that requires no prior knowledge of binding
dynamics and fewer computational resources. This method
could allow researchers to more easily generate predictions
about the effect of novel ion current modifiers on cellular and
tissue properties. Such a computational approach could be a
powerful tool to help researchers connect the molecular effects
of signaling pathways and channel blockers to changes in
cellular and tissue behaviors.
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